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NEW WEIGHTED MULTILINEAR OPERATORS AND
COMMUTATORS OF HARDY-CESA`RO TYPE
HA DUY HUNG AND LUONG DANG KY
Abstract. A general class of weighted multilinear Hardy-Cesa`ro operators
that acts on the product of Lebesgue spaces and central Morrey spaces.
Their sharp bounds are also obtained. In addition, we obtain sufficient
and necessary conditions on weight functions so that the commutators of
these weighted multilinear Hardy-Cesa`ro operators (with symbols in central
BMO space) are bounded on the product of central Morrey spaces. These
results extends known results on multilinear Hardy operators.
1. Introduction
The Hardy integral inequality and its variants play an important role in
various branches of analysis such as approximation theory, differential equa-
tions, theory of function spaces etc (see [4, 10, 18, 20, 29, 30] and refer-
ences therein). Therefore, there are various papers studying Hardy integral
inequalities for operator S and its generalizations. The classical Hardy oper-
ator, its variants and extensions were appeared in various papers (we refer to
[4, 5, 13, 14, 15, 20, 21, 29, 30, 31] for surveys and historical details about these
differerent aspects of the subject). On the other hand, the study of multilinear
operators is not motivated by a mere quest to generalize the theory of linear
operators but rather by their natural appearance in analysis. Coifman and
Meyer in their pioneer work in the 1970s were one of the first to adopt a mul-
tilinear point of view in their study of certain singular integral operators, such
as the Caldero´n commutators, paraproducts, and pseudodifferential operators.
Let ψ : [0, 1] → [0,∞) be a measurable function. The weighted Hardy
operator Uψ is defined on all complex-valued measurable functions f on R
d as
(1.1) Uψf(x) =
1∫
0
f(tx)ψ(t)dt.
When ψ = 1, this operator is reduced to the usual Hardy operator S defined
by Sf(x) = 1
x
∫ x
0
f(t)dt. Results on the boundedness of Uψ on L
p
(
Rd
)
were
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first proved by Carton-Lebrun and Fosset [5]. Under certain conditions on ψ,
the authors [5] found that Uψ is bounded from BMO(R
d) into itself. Further-
more, Uψ commutes with the Hilbert transform in the case n = 1 and with a
certain Caldero´n-Zygmund singular integral operator (and thus with the Riesz
transform) in the case n ≥ 2. A deeper extension of the results obtained in [5]
was due to Jie Xiao [31].
Theorem 1.1. ([31]) Let 1 < p < ∞ and ψ : [0, 1] → [0,∞) be a measurable
function. Then, Uψ is bounded on L
p(Rd) if and only if
(1.2)
1∫
0
t−n/pψ(t)dt <∞.
Furthermore,
(1.3) ‖Uψ‖Lp(Rd)→Lp(Rd) =
1∫
0
t−n/pψ(t)dt <∞.
Theorem 1.1 implies immediately the following celebrated integral inequal-
ity, due to Hardy [20]
(1.4) ‖Sf‖Lp(R) ≤
p
p− 1
‖f‖Lp(R).
For further applications of Theorem 1.1, for examples the sharp bounds of
classical Riemann-Liouville integral operator, see [13, 14]. Recently, Chuong
and Hung [7] introduced a more general form of Uψ operator as follows.
(1.5) Uψ,sf(x) =
1∫
0
f (s(t)x)ψ(t)dt.
Here ψ : [0, 1] → [0,∞), s : [0, 1] → R are measurable functions and f is
a measurable complex valued function on Rd. The authors in [7] obtained
sharp bounds of Uψ,s on weighted Lebesgue and BMO spaces, where weights
are of homogeneous type. A characterization on weight functions so that the
commutator of Uψ,s is bounded on Lebesgue spaces with symbols in BMO.
We notice that also in [7], the authors proved the boundedness on Lebesgue
spaces of the following operator (see Theorem 3.2 [7])
Hψ,sf(x) =
∞∫
0
f (s(t)x)ψ(t)dt.
When d = 1 and s(t) = 1
t
, thenHψ,s reduces to the classical weighted Hausdorff
operator (see [25, 26] and references therein).
NEW WEIGHTED MULTILINEAR OPERATORS AND COMMUTATORS 3
Very recently, the multilinear version of Uψ operators was introduced by
Z.W. Fu, S.L Gong, S.Z. Lu and W. Yuan [14]. They defined the weighted
multilinear Hardy operator as
(1.6) Umψ (f1, . . . , fm) =
∫
0<t1,...,tm<1
(
m∏
i=1
fi (tix)
)
ψ(t1, . . . , tm)dt1 . . . dtm.
As showed in [14], when d = 1 and ψ(t1, . . . , tm) =
1
Γ(α)|(1−t1,...,1−tm)|
m−α , where
α ∈ (0;m), then Umψ (f1, . . . , fm)(x) = |x|
αImα (f1, . . . , fm)(x). The operator I
m
α
turns out to be the one-sided analogous to the one-dimensional multilinear
Riesz operator Jmα studied by Kenig and Stein [23], where
Jmα (f1, . . . , fm)(x) =
∫
t1,...,tm∈R
∏m
k=1 fk(tk)
|(x− t1, . . . , x− tm)|
m−αd1 . . . dtm.
In [14], the authors obtain the sharp bounds of Umψ on the product of Lebesgue
spaces and central Morrey spaces. They also proved sufficient and necessary
conditions of the weight functions so that the commutators of Umψ , with sym-
bols in central BMO spaces, are bounded on the product of central Morrey
spaces. In [17], S. Gong, Z. Fu, and B. Ma studied the bounds of Umψ on the
product Herz spaces and the product Morrey- Herz spaces. Notice that there
is another multilinear version of Hardy operators which was also studied in
[15, 28].
Motivated from [7, 14, 13, 17, 21], this paper aims to study the boundedness
of a more general multilinear operator of Hardy type as follows.
Definition 1.1. Let m,n ∈ N, ψ : [0, 1]n → [0,∞), s1, . . . , sm : [0, 1]
n → R.
Given f1, . . . , fm : R
d → C be measurable functions, we define the weighted
multilinear Hardy-Cesa`ro operator Um,n
ψ,−→s
by
(1.7) Um,n
ψ,−→s
(f1, . . . , fm) (x) :=
∫
[0,1]n
(
m∏
k=1
fk (sk(t)x)
)
ψ(t)dt,
where −→s = (s1, . . . , sm).
A mutilinear version of Hψ,s can be defined as
(1.8) Hm,n
ψ,−→s
(f1, . . . , fm) (x) :=
∫
Rn+
(
m∏
k=1
fk (sk(t)x)
)
ψ(t)dt,
where R+ is the set of all positive real numbers.
It is obviously that, when n = m and sk(t) = tk, U
m,n
ψ,−→s
is reduced to Umψ as
defined in (1.5). The main aim of the paper is to establish the sharp bounds
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of Um,n
ψ,−→s
and Hm,n
ψ,−→s
on the product of weighted Lebesgue spaces and weighted
central Morrey spaces, with weights of homogeneous types. In addition, we
prove sufficient and and necessary conditions of the weight functions so that
commutators of such weighted multilinear Hardy-Cesa´ro operators (with sym-
bols in λ-central BMO space) are bounded on the product of central Morrey
spaces. Since Um,n
ψ,−→s
is trivially more general than known operators Uψ, U
m
ψ ,
our results can be used to recover main results of [7, 13, 14, 31].
Throughout the whole paper, the letter C will indicate an absolute con-
stant, probably different at different occurrences. With χE we will denote the
characteristic function of a set E and B(x, r) will be a ball centered at x with
radius r. With |A| we will denote the Lebesgue measure of a measurable set
E, and Ec will be the set Rd \E. With ω(E) we will denote by
∫
E
ω(x)dx and
Sd will be the unit ball {x ∈ R
d : |x| = 1}.
2. Notations and definitions
Throughout this paper, ω(x) will be denote a nonnegative measurable func-
tion on Rd. Let us recall that a measurable function f belongs to Lpω
(
Rd
)
if
(2.1) ‖f‖Lpω =

∫
Rd
|f(x)|pω(x)dx


1/p
<∞.
The weighted BMO space BMO(ω) is defined as the set of all functions f ,
which are of bounded mean oscillation with weight ω, that is,
(2.2) ‖f‖BMO(ω) = sup
B
1
ω(B)
∫
B
|f(x)− fB,ω|ω(x)dx <∞,
where supremum is taken over all the balls B ⊂ Rd. Here fB,ω is the mean
value of f on B with weight ω:
fB,ω =
1
ω(B)
∫
B
f(x)ω(x)dx.
The case ω ≡ 1 of (2.2) corresponds to the class of functions of bounded
mean oscillation of F. John and L. Nirenberg [22]. We obverse that L∞(Rd) ⊂
BMO(ω).
Next we recall the definition of Morrey spaces. It is well-known that Morrey
spaces are useful to study the local behavior of solutions to second-order el-
liptic partial differential equations and the boundedness of Hardy-Littlewood
maximal operator, the fractional integral operators, singular integral opera-
tors (see [1, 6, 24]). We notice that the weighted Morrey spaces were first
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introduced by Komori and Shirai [24], where they used them to study the
boundedness of some important classical operators in harmonic analysis like
as Hardy-Littlewood maximal operator, Caldero´n-Zygmund operators.
Definition 2.1. Let λ ∈ R, 1 ≤ p < ∞ and ω be an weight function. The
weighted Morrey space Lp,λω (R
d) is defined by the set of all locally p−integrable
functions f satisfying
(2.3) ‖f‖Lp,λω (Rd) = sup
a∈Rd,R>0

 1
ω (B(a, R))1+λp
∫
B(0,R)
|f(x)|pω(x)dx


1/p
<∞.
The spaces of bounded central mean oscillation CMOq
(
Rd
)
appears natu-
rally when considering the dual spaces of the homogeneous Herz type Hardy
spaces and were introduced by Lu and Yang (see [27]). The relationships
between central BMO spaces and Morrey spaces were studied by Alvarez,
Guzma´n-Partida and Lakey [2]. Furthermore, they introduced λ−central BMO
spaces and central Morrey spaces as follows.
Definition 2.2. Let λ ∈ R and 1 < p <∞. The weighted central Morrey space
B˙p,λω (R
d) is defined by the set of all locally p−integrable functions f satisfying
(2.4) ‖f‖B˙p,λω (Rd) = sup
R>0

 1
ω (B(0, R))1+λp
∫
B(0,R)
|f(x)|pω(x)dx


1/p
<∞.
Obviously, B˙p,λω (R
d) is a Banach space and one can easily check that B˙p,λω (R
d) =
{0} if λ < −1
q
. Similar to the classical Morrey space, we only consider the case
−1/p ≤ λ < 0.
Definition 2.3. Let λ < 1
n
and 1 < q <∞ be two real numbers. The weighted
space CMOq,λω
(
Rd
)
is defined as the set of all function f ∈ Lqω,loc
(
Rd
)
such
that
(2.5)
‖f‖CMOq,λω (Rd) = sup
R>0

 1
ω (B(0, R))1+λq
∫
B(0,R)
|f(x)− fB(0,R),ω|
qω(x)dx


1/q
<∞.
Let ρ be the measure on (0,∞) so that ρ(E) =
∫
E
rd−1dr and the map
Φ(x) =
(
|x|, x
|x|
)
. Then there exists an unique Borel measure σ on Sn such
that ρ × σ is the Borel measure induced by Φ from Lebesgue measure on Rd
(d > 1). (see [12, page 78] for more details). In one dimension case, it it
conventional that
∫
Sd
ω(x)dσ(x) refers to 2ω(1).
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Definition 2.4. Let α be a real number. Let Wα be the set of all functions
ω on Rd, which are measurable, ω(x) > 0 for almost everywhere x ∈ Rd,
0 <
∫
Sd
ω(y)dσ(y) < ∞, and are absolutely homogeneous of degree α, that is
ω(tx) = |t|αω(x), for all t ∈ R \ {0}, x ∈ Rd.
Let us describe some typical examples and properties of Wα. Note that, a
weight ω ∈ Wα may not need to belong to L
1
loc(R
d). In fact, we observe that if
ω ∈ Wα, then ω ∈ L
1
loc(R
d) if and only if α > −d. If d = 1, then ω(x) = c|x|α,
for some positive constant c. For d ≥ 1 and α 6= 0, ω(x) = |x|α is in Wα. If
ω1, ω2 is inWα, so is θω1+λω2 for all θ, λ > 0. There are many other examples
in case d > 1 and α 6= 0, namely ω(x1, . . . , xd) = |x1|
α. In case d > 1 and
α = 0, we can construct a non-trivial example as the following: let φ be any
positive, even and locally integrable function on Sd = {x ∈ R
d : |x| = 1}, then
ω(x) =

φ
(
x
|x|
)
if x 6= 0,
0 if x = 0,
is in W0.
3. Sharp boundedness of Um,nψ,~s on the product of weighted
Lebesgue spaces
Before stating our results we give some notations and definitions.
Definition 3.1. For m exponents 1 ≤ pj <∞, j = 1, . . . , m and α1, . . . , αm >
−d we will often write p for the number given by 1
p
= 1
p1
+ · · ·+ 1
pm
and
(3.1) α :=
pα1
p1
+ · · ·+
pαm
pm
.
Definition 3.2. Given ωk ∈ Wαk , k = 1, . . . , m, set
(3.2) ω(x) :=
m∏
k=1
ω
p/pk
k (x).
It is obvious that ω ∈ Wα. We say that (ω1, . . . , ωm) satisfies theW−→α condition
if
(3.3) ω(Sd) ≥
m∏
k=1
ωk(Sd)
p
pk .
Notice that the weights ω as defined in (3.2) were used in [19] to obtain
multilinear extrapolation results. On the other hand, Condition (3.3) holds
for power weights. In fact, (3.3) becomes to equality for ωk(x) = |x|
αk , k =
1, . . . , m.
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First we will show the following result which can be viewed as an extension
of Theorem 1.1 to the multilinear case.
Theorem 3.1. Let s1, . . . , sm : [0, 1]
n → R be measurable functions such that
for every k = 1, . . . , m then |sk(t1, . . . , tn)| ≥ min{t
β
1 , . . . , t
β
d} almost every-
where (t1, . . . , tn) ∈ [0, 1]
n, k = 1, . . . , m, for some β > 0. Let 1 ≤ pk < ∞,
k = 1, . . . , m and −→s = (s1, . . . , sm). Assume that (ω1, . . . , ωm) satisfies W−→α
condition. Then Um,n
ψ,−→s
is bounded from Lp1ω1
(
Rd
)
× · · · × Lpmωm
(
Rd
)
to Lpω
(
Rd
)
if and only if
(3.4) A =
∫
[0,1]n
(
m∏
k=1
|sk(t)|
−
d+αk
pk
)
ψ(t)dt <∞.
Furthermore,
(3.5)
∥∥∥Um,nψ,−→s
∥∥∥
L
p1
ω1(Rd)×···×L
pm
ωm(Rd)→L
p
ω(Rd)
= A.
Proof. First we take α =
m∑
k=1
pαk
pk
as in (3.1), then it is trivial that ω ∈ Wα.
Suppose that A is finite. Let fk ∈ L
pk
ωk
(
Rd
)
. Applying Minkowski’s inequality,
Ho¨lder’s inequality and change of variable, we have
∥∥∥Um,nψ,−→s (f1, . . . , fm)
∥∥∥
Lpω(Rd)
≤

∫
Rd

 ∫
[0,1]n
m∏
k=1
|fk (sk(t)x)|ψ(t)dt


p
ω(x)dx


1/p
≤
∫
[0,1]n

∫
Rd
m∏
k=1
|fk (sk(t)x)|
p ω(x)dx


1/p
ψ(t)dt
≤
∫
[0,1]n
m∏
k=1

∫
Rd
m∏
k=1
|fk (sk(t)x)|
pk ωk(x)dx


1/pk
ψ(t)dt
= A ·
m∏
k=1
‖fk‖pk,ωk .
The last inequality implies that Um,n
ψ,−→s
is bounded from Lp1ω1
(
Rd
)
×· · ·×Lpmωm
(
Rd
)
to Lpω
(
Rd
)
and ∥∥∥Um,nψ,−→s
∥∥∥
L
p1
ω1(Rd)×···×L
pm
ωm(Rd)→L
p
ω(Rd)
≤ A.(3.6)
In order to prove the converse of the theorem, we first need the following
lemma.
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Lemma 3.1. Let w ∈ Wα, α > −d and ε > 0. Then the function
fp,ε(x) =
{
0 if |x| ≤ 1
|x|−
d+α
p
−ε if |x| ≥ 1,
belongs to Lpw
(
Rd
)
and ‖fp,ε‖p,w =
(
w(Sd)
pε
)1/p
.
Since the proof of the lemma is straightforward, we omit it. Now we shall
prove the theorem. Let ε be an arbitrary positive number and for each k =
1, . . . , m we set εk =
pε
pk
and
fpk,εk(x) =
{
0 if |x| ≤ 1
|x|
−
d+αk
pk
−εk if |x| ≥ 1.
Lemma 3.1 implies that fpk,εk ∈ L
pk
ωk
(
Rd
)
and
‖fpk,εk‖pk,ωk =
(
ωk(Sd)
pkεk
)1/pk
=
(
ωk(Sd)
pε
)1/pk
> 0,
for each k = 1, . . . , m. For each x ∈ Rd which |x| ≥ 1, let
Sx =
m⋂
k=1
{t ∈ [0, 1]n : |sk(t)x| > 1}.
From the assumption |sk(t1, . . . , tn)| ≥ min{t
β
1 , . . . , t
β
n} a.e t = (t1, . . . , tn) ∈
[0, 1]n, there exists a null subset E of [0, 1]n so that Sx contains
[
1/|x|1/β, 1
]n
\E.
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From (2.1), we have
‖Um,n
ψ,−→s
(fp1,ε1, . . . , fpm,εm) ‖
p
Lpω(Rd)
=
∫
Rd
∣∣∣∣∣∣∣
∫
[0,1]n
(
m∏
k=1
fk (sk(t)x)
)
ψ(t)dt
∣∣∣∣∣∣∣
p
ω(x)dx
=
∫
Rd
m∏
k=1
|x|
−
d+αk
pk
−εkω(x)
∣∣∣∣∣∣
∫
Sx
m∏
k=1
|sk(t)|
−
d+αk
pk
−εkψ(t)dt
∣∣∣∣∣∣
p
dx
≥
∫
|x|≥ε−β
|x|−(d+α+εp)ω(x)
∣∣∣∣∣∣∣
∫
[ε,1]n
m∏
k=1
|sk(t)|
−
d+αk
pk
−εkψ(t)dt
∣∣∣∣∣∣∣
p
dx
= εpβε

 ∫
|x|≥1
|x|−(d+α+εp)ω(x)dx


∣∣∣∣∣∣∣
∫
[ε,1]n
m∏
k=1
|sk(t)|
−
d+αk
pk
−εkψ(t)dt
∣∣∣∣∣∣∣
p
= εpβε
(
ω(Sd)
εp
) ∣∣∣∣∣∣∣
∫
[ε,1]n
m∏
k=1
|sk(t)|
−
d+αk
pk
−εkψ(t)dt
∣∣∣∣∣∣∣
p
≥ εpβε
m∏
k=1
‖fpk,ǫk‖
p/pk
pk,εk
∣∣∣∣∣∣∣
∫
[ε,1]n
m∏
k=1
|sk(t)|
−
d+αk
pk
−εkψ(t)dt
∣∣∣∣∣∣∣
p
.
This implies that
∥∥∥Um,nψ,−→s
∥∥∥
L
p1
ω1(Rd)×···×L
pm
ωm(Rd)→L
p
ω(Rd)
≥ εβε ·
∣∣∣∣∣∣∣
∫
[ε,1]n
m∏
k=1
|sk(t)|
−
d+αk
pk
−εkψ(t)dt
∣∣∣∣∣∣∣ .
Notice that
|sk(t)|
−ε ≤ min{t1, . . . , tn}
−εβ ≤ ε−εβ → 1 when ε→ 0+,
Thus, letting ε → 0+ and by Lebesgue’s dominated convergence theorem, we
obtain ∥∥∥Um,nψ,−→s
∥∥∥
L
p1
ω1(Rd)×···×L
pm
ωm(Rd)→L
p
ω(Rd)
≥ A.(3.7)
Combine (3.6) and (3.7), we obtain the result.

Analogous to the proof of Theorem 3.1, one can prove the following result.
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Theorem 3.2. Let s1, . . . , sm : [0, 1]
n → R be measurable functions such that
for every k = 1, . . . , m then |sk(t1, . . . , tn)| ≥ min{t
β
1 , . . . , t
β
d} almost every-
where (t1, . . . , tn) ∈ [0, 1]
n, k = 1, . . . , m, for some β > 0. Let 1 ≤ pk < ∞,
k = 1, . . . , m and −→s = (s1, . . . , sm). Assume that (ω1, . . . , ωm) satisfies W−→α
condition. Then Hm,n
ψ,−→s
is bounded from Lp1ω1
(
Rd
)
× · · · × Lpmωm
(
Rd
)
to Lpω
(
Rd
)
if and only if
(3.8) A⋆ =
∫
Rn+
(
m∏
k=1
|sk(t)|
−
d+αk
pk
)
ψ(t)dt <∞.
Furthermore,
(3.9)
∥∥∥Hm,nψ,−→s
∥∥∥
L
p1
ω1(Rd)×···×L
pm
ωm(Rd)→L
p
ω(Rd)
= A⋆.
Theorem 3.3. Let 1 ≤ p, pk <∞, λ, αk, λk be real numbers such that −
1
pk
≤
λk < 0, k = 1, . . . , m ,
1
p
= 1
p1
+ · · ·+ 1
pm
, and λ = d+α1
d+α
λ1+ · · ·+
d+αm
d+α
λm. Let
ωk ∈ Wαk for k = 1, . . . , m.
(i) If in addition
(3.10)
(
ω(Sd)
d+ α
) 1+λp
p
≥
m∏
k=1
(
ωk(Sd)
d+ αk
) 1+λkpk
pk
and
(3.11) B =
∫
[0,1]n
(
m∏
k=1
|sk(t)|
−
(d+αk)λk
pk
)
ψ(t)dt <∞,
then Um,n
ψ,−→s
is bounded from B˙p1,λ1ω1
(
Rd
)
×· · ·×B˙pm,λmωm
(
Rd
)
to B˙p,λω
(
Rd
)
.
Furthermore, the operator norm of Um,n
ψ,−→s
not more than B.
(ii) Conversely, if
(3.12)
(
ω(Sd)
d+ α
)λ
(1 + λp)1/p ≤
m∏
k=1
(
ω(Sd)
d+ αk
)λk
(1 + λkpk)
1/pk
and Um,n
ψ,−→s
is bounded from B˙p1,λ1ω1
(
Rd
)
×· · ·× B˙pm,λmωm
(
Rd
)
to B˙p,λω
(
Rd
)
,
then B is finite. Furthermore, we have
(3.13)
∥∥∥Um,nψ,−→s
∥∥∥
B˙
p1,λ1
ω1 (Rd)×···×B˙
pm,λm
ωm (Rd)→L
p
ω(Rd)
≥ B.
Let ωk ≡ 1, we have that αk = 0 thus (3.15) becomes equality and (3.17)
holds only when λ1p1 = · · · = λmpm. Hence, we obtain Theorem 2.1 in [14].
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Proof. Since 1
p
= 1
p1
+ · · · + 1
pm
, by Minkowski’s inequality and Ho¨lder’s in-
equality, we see that, for all balls B = B(0, R),
 1
ω(B)1+λp
∫
B
∣∣∣Um,nψ,−→s (f1, . . . , fm) (x)∣∣∣p ω(x)dx


1/p
≤
∫
[0,1]n

 1
ω(B)1+λp
∫
B
∣∣∣∣∣
m∏
k=1
fk (sk(t)x)
∣∣∣∣∣
p
ω(x)dx


1/p
ψ(t)dt
≤
∫
[0,1]n
m∏
k=1

 1
ωk(B)1+λkpk
∫
B
|fk (sk(t)x)|
pk ωk(x)dx


1/pk
ψ(t)dt
≤
∫
[0,1]n
m∏
k=1

 1
|sk(t)B|1+λkpk
∫
B
|fk (y)|
pk ωk(y)dy


1/pk (
m∏
k=1
|sk(t)|
(d+αk)λk
)
ψ(t)dt
≤
m∏
k=1
‖fk‖B˙pk,λkωk (Rd)
· B.
This means that
(3.14)
∥∥∥Um,nψ,−→s
∥∥∥
B˙
p1,λ1
ω1 (Rd)×···×B˙
pm,λm
ωm (Rd)→B˙
p,λ
ω (Rd)
≤ B.
Now we assume that (3.17) holds and Um,nψ,s is bounded from B˙
p1,λ1
ω1
(
Rd
)
×· · ·×
B˙pm,λmωm to B˙
p,λ
ω
(
Rd
)
. Let fk(x) = |x|
(d+αk)λk , then an elementary computation
shows that fk ∈ B˙
pk,λk
ωk
(
Rd
)
and
‖fk‖B˙pk,λkωk (Rd)
=
(
d+ αk
ω(Sd)
)λk
(1 + λkpk)
−1/pk .
Thus,
m∏
k=1
‖fk‖B˙pk,λkωk (Rd)
=
m∏
k=1
(
d+ αk
ω(Sd)
)λk
(1 + λkpk)
−1/pk
≤
(
d+ α
ω(Sd)
)λ
(1 + λp)−1/p .
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This leads us to
‖Um,n
ψ,−→s
(f1, . . . , fm)‖B˙p,λω (Rd) = B·
(
d+ α
ω(Sd)
)λ
(1 + λp)−1/p ≥ B·
m∏
k=1
‖fk‖B˙pk,λkωk (Rd)
.
Therefore, ∥∥∥Um,nψ,−→s
∥∥∥
B˙
p1,λ1
ω1 (Rd)×···×B˙
pm,λm
ωm (Rd)→L
p
ω(Rd)
≥ B.

From the proof of Theorem 3.4, we also obtain the similar result to Hm,nψ,s
operator.
Theorem 3.4. Let 1 ≤ p, pk <∞, λ, αk, λk be real numbers such that −
1
pk
≤
λk < 0, k = 1, . . . , m ,
1
p
= 1
p1
+ · · ·+ 1
pm
, and λ = d+α1
d+α
λ1+ · · ·+
d+αm
d+α
λm. Let
ωk ∈ Wαk for k = 1, . . . , m.
(i) If in addition
(3.15)
(
ω(Sd)
d+ α
) 1+λp
p
≥
m∏
k=1
(
ωk(Sd)
d+ αk
) 1+λkpk
pk
and
(3.16) B⋆ =
∫
Rn+
(
m∏
k=1
|sk(t)|
−
(d+αk)λk
pk
)
ψ(t)dt <∞,
then Hm,n
ψ,−→s
is bounded from B˙p1,λ1ω1
(
Rd
)
×· · ·×B˙pm,λmωm
(
Rd
)
to B˙p,λω
(
Rd
)
.
Furthermore, the operator norm of Hm,n
ψ,−→s
not more than B⋆.
(ii) Conversely, if
(3.17)
(
ω(Sd)
d+ α
)λ
(1 + λp)1/p ≤
m∏
k=1
(
ω(Sd)
d+ αk
)λk
(1 + λkpk)
1/pk
and Hm,n
ψ,−→s
is bounded from B˙p1,λ1ω1
(
Rd
)
×· · ·×B˙pm,λmωm
(
Rd
)
to B˙p,λω
(
Rd
)
,
then B⋆ is finite. Furthermore, we have
(3.18)
∥∥∥Hm,nψ,−→s
∥∥∥
B˙
p1,λ1
ω1 (Rd)×···×B˙
pm,λm
ωm (Rd)→L
p
ω(Rd)
≥ B⋆.
4. Commutators of weighted multilinear Hardy-Cesa`ro
operator
We use some analogous tools to study a second set of problems related now
to multilinear versions of the commutators of Coifman, Rochberg and Weiss [9]
In this section, we consider the sharp estimates of the multilinear commutator
generated by Um,n
ψ,−→s
with symbols in CMOq(Rd).
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Definition 4.1. Let m,n ∈ N, ψ : [0, 1]n → [0,∞), s1, . . . , sm : [0, 1]
n → R,
b1, . . . , bm be locally integrable functions on R
d and f1, . . . , fm : R
d → C be
measurable functions. The commutator of weighted multilinear Hardy-Cesa`ro
operator Um,n
ψ,−→s
is defined as
(4.1)
Um,n,
−→
b
ψ,s (f1, . . . , fm) (x) :=
∫
[0,1]n
(
m∏
k=1
fk (sk(t)x)
)(
m∏
k=1
(bk(x)− bk (sk(t)x))
)
ψ(t)dt.
In what follows, we set
(4.2) C =
∫
[0,1]n
(
m∏
k=1
|sk(t)|
(d+αk)λk
)
ψ(t)dt.
(4.3) D =
∫
[0,1]n
(
m∏
k=1
|sk(t)|
(d+αk)λk
)(
m∏
k=1
|log |sk(t)||
)
ψ(t)dt.
Theorem 4.1. Let 1 < p < pk <∞, 1 < qk <∞, −
1
pk
< λk < 0, k = 1, . . . , m
such that
1
p
=
1
p1
+ · · ·+
1
pm
+
1
q1
+ · · ·+
1
qm
and λ = λ1 + · · ·+ λm.
(i) If both C and D are finite then for any b = (b1, . . . , bm) ∈ CMO
q1
ω1 ×
CMOqmωm then U
m,n,
−→
b
ψ,s is bounded from B˙
p1,λ1
ω1
(Rd)×· · ·× B˙pm,λmωm (R
d) to
B˙p,λω (R
d).
(ii) If for any b = (b1, . . . , bm) ∈ CMO
q1
ω1
×· · ·×CMOqmωm, U
m,n,
−→
b
ψ,s is bounded
from B˙p1,λ1ω1 (R
d)× · · · × B˙pm,λmωm (R
d) to B˙p,λω (R
d), then D is finite.
We note here that D is finite is not enough to imply C is finite (see [13, 14]).
But it is easy to see that, if we assume in addition that for each k = 1, . . . , m
such that |sk(t)| ≥ c > 1 for all t ∈ [0, 1]
n or |sk(t)| ≤ c < 1 for all t ∈ [0, 1]
n,
then C is finite if and only if D is finite. Thus, Theorem 4.1 implies immediately
that
Corollary 4.1. Let 1 < p < pk < ∞, 1 < qk < ∞, −
1
pk
< λk < 0, k =
1, . . . , m such that
1
p
=
1
p1
+ · · ·+
1
pm
+
1
q1
+ · · ·+
1
qm
and λ = λ1 + · · ·+ λm. Furthermore, suppose that for each k = 1, . . . , m then
|sk(t)| ≥ c > 1 for all t ∈ [0, 1]
n or |sk(t)| ≤ c < 1 for all t ∈ [0, 1]
n, for each
k = 1, . . . , m. Then, Um,n,
−→
b
ψ,s is bounded from B˙
p1,λ1
ω1 (R
d)× · · · × B˙pm,λmωm (R
d) to
B˙p,λω (R
d) if and only if C is finite.
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Now we will give the proof for Theorem 4.1.
Proof. First we assume that Cm is finite. We shall give a details analysis for the
case m = 2 and by similarity, the general case is proved in the same way. We
denote B = B(0, R) for short. Let
−→
b = (b1, b2) ∈ CMO
q1
ω1
(Rd)×CMOq2ω2(R
d).
By Minkowski’s inequality, we have
 1
ω (B)
∫
B
∣∣∣U2,n,bψ,s (f1, f2) (x)∣∣∣p ω(x)dx


1/p
≤

 1
ω (B)
∫
B

 ∫
[0,1]n
(
2∏
k=1
|fk (sk(t)x)|
)(
2∏
k=1
|bk(x)− bk (sk(t)x)|
)
ψ(t)dt


p
ω(x)dx


1/p
≤
∫
[0,1]n

 1
ω (B)
∫
B
(
2∏
k=1
|fk (sk(t)x)| ·
2∏
k=1
|bk(x)− bk (sk(t)x)|ω(x)
)p
dx


1/p
ψ(t)dt
=: I.
For any xi, yi, zi, ti ∈ C with i = 1, 2, we have the following elementary in-
equality
2∏
i=1
|(xi − yi)| ≤
2∏
i=1
|(xi − zi)|+
2∏
i=1
|(yi − ti)|+
2∏
i=1
|(zi − ti)|
+ (|(x1 − z1)(z2 − t2)|+ |(x2 − z2)(z1 − t1)|)+(|(x1 − z1)(y2 − t2)|+ |(x2 − z2)(y1 − t1)|)
+ (|(z1 − t1)(y2 − t2)|+ |(z2 − t2)(y1 − t1)|) .
It is convenient to denote by bi,ω,B the integrals
∫
B
1
ω(B)
bi(x)ω(x)dx for i =
1, 2. Now applying the inequality with xi = bi(x), yi = bi(si(t)x), zi = bi,B,
ti = bi,si(t)B and using Minkowski’s inequality, we get that
I ≤ I1 + I2 + I3 + I4 + I5 + I6,
where, if we set f(x) =
2∏
k=1
|fk (sk(t)x)|, then
I1 =
∫
[0,1]n

 1
ω (B)
∫
B
(
f(x) ·
2∏
k=1
|bk(x)− bk,ωk,B|
)p
ω(x)dx


1/p
ψ(t)dt,
I2 =
∫
[0,1]n

 1
ω (B)
∫
B
(
f(x) ·
2∏
k=1
∣∣bk(sk(t)x)− bk,ωk,sk(t)B∣∣
)p
ω(x)dx


1/p
ψ(t)dt,
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I3 =
∫
[0,1]n

 1
ω (B)
∫
B
(
f(x) ·
2∏
k=1
∣∣bk,ωk,B − bk,ωk,sk(t)B∣∣
)p
ω(x)dx


1/p
ψ(t)dt,
I4 =
∫
[0,1]n

 1
ω (B)
∫
B

f(x) · ∑
i6=j
i,j=1,2
∣∣(bi(x)− bi,B) (bj,B − bj,ωj,sj(t)B)∣∣


p
ω(x)dx


1/p
ψ(t)dt,
I5 =
∫
[0,1]n

 1
ω (B)
∫
B

f(x) · ∑
i6=j
i,j=1,2
∣∣(bi(x)− bi,B) (bj(sj(t)x)− bj,ωj ,sj(t)B)∣∣


p
ω(x)dx


1/p
ψ(t)dt,
I6 =
∫
[0,1]n

 1
ω (B)
∫
B

f(x) · ∑
i6=j
i,j=1,2
∣∣(bi,B − bi,si(t)B) (bj(sj(t)x)− bj,ωj ,sj(t)B)∣∣


p
ω(x)dx


1/p
ψ(t)dt.
Choose now p < s1 < ∞ and p < s2 < ∞ such that
1
s1
= 1
p1
+ 1
q1
and
1
s2
= 1
p2
+ 1
q2
. Notice that 1
s1
+ 1
s2
= 1
p
. Then by Ho¨lder’s inequality, we have
that
I1 ≤
∫
[0,1]n
2∏
k=1

 1
ωk (B)
∫
B
|fk (sk(t)x)|
pk ωk(x)dx


1/pk
×
×
2∏
k=1

 1
ωk (B)
∫
B
|bk(x)− bk,ωk,B|
qk ωk(x)


1/qk
ψ(t)dt
≤
∫
[0,1]n
2∏
k=1
|sk(t)|
(d+αk)λkωk(B)
λk
2∏
k=1

 1
ωk (sk(t)B)
1+λkpk
∫
sk(t)B
|fk (y)|
pk ωk(y)dy


1/pk
×
×
2∏
k=1

 1
ωk (B)
∫
B
|bk(x)− bk,ωk,B|
qk ωk(x)


1/qk
ψ(t)dt
≤
2∏
k=1
ωk(B)
λk
2∏
k=1
‖bk‖CMOqkωk
2∏
k=1
‖fk‖B˙pk,λk ×
∫
[0,1]n
(
2∏
k=1
|sk(t)|
(d+αk)λk
)
ψ(t)dt.
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Similarly to the estimate of I1, we have that
I2 ≤
∫
[0,1]n
2∏
k=1

 1
ωk (B)
∫
B
|fk (sk(t)x)|
pk ωk(x)dx


1/pk
×
×
2∏
k=1

 1
ωk (B)
∫
B
∣∣bk(sk(t)x)− bk,ωk,sk(t)B∣∣qk ω(x)dx


1/qk
ψ(t)dt
≤
∫
[0,1]n
2∏
k=1
|sk(t)|
(d+αk)λkωk(B)
λk
2∏
k=1

 1
ωk (B)
1+λkpk
∫
sk(t)B
|fk (y)|
pk ωk(y)dy


1/pk
×
×
2∏
k=1

 1
ωk (sk(t)B)
∫
sk(t)B
∣∣bk(y)− bk,ωk,sk(t)B∣∣qk ω(y)dy


1/qk
ψ(t)dt
≤
2∏
k=1
ωk(B)
λk
2∏
k=1
‖bk‖CMOqkωk
2∏
k=1
‖fk‖B˙pk,λk ×
∫
[0,1]n
(
2∏
k=1
|sk(t)|
(d+αk)λk
)
ψ(t)dt.
Now we give the estimate for I3, applying Ho¨lder’s inequality, we get that
I3 =
∫
[0,1]n

 1
ω (B)
∫
B
(
2∏
k=1
|fk (sk(t)x)|ω(x)
)p
dx


1/p
2∏
k=1
∣∣bk,ωk,B − bk,ωk,sk(t)B∣∣ψ(t)dt
≤
∫
[0,1]n
2∏
k=1

 1
ωk (B)
∫
B
|fk (sk(t)x)|
sk ωk(x)dx


1/sk
2∏
k=1
∣∣bk,ωk,B − bk,ωk,sk(t)B∣∣ψ(t)dt
≤
∫
[0,1]n
2∏
k=1

 1
ωk (sk(t)B)
1+pkλk
∫
sk(t)B
|fk (y)|
pk ωk(y)dy


1/pk
2∏
k=1
|sk(t)|
(d+αk)λkωk(B)
λk×
×
2∏
k=1
∣∣bk,ωk,B − bk,ωk,sk(t)B∣∣ψ(t)dt
≤
2∏
k=1
ωk(B)
λk
2∏
k=1
‖fk‖B˙pk,λk
∫
[0,1]n
2∏
k=1
|sk(t)|
(d+αk)λk
2∏
k=1
∣∣bk,ωk,B − bk,ωk,sk(t)B∣∣ψ(t)dt
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Notice that [0, 1]n is the union of pairwise disjoint subsets Sℓ1,...,ℓm, where
Sℓ1,...,ℓm =
m⋂
i=1
{
t ∈ [0, 1]n : 2−ℓi−1 < |si(t)| ≤ 2
−ℓi
}
.
Thus we obtain that
I3 ≤
2∏
k=1
ωk(B)
λk
2∏
k=1
‖fk‖B˙pk,λk
∞∑
ℓ1,ℓ2=0
∫
Sℓ1,ℓ2
2∏
k=1
|sk(t)|
(d+αk)λk ψ(t)×
×
2∏
k=1
(
ℓk∑
j=0
∣∣bk,ωk,2−j−1B − bk,ωk,2−jB∣∣+ ∣∣bk,ωk,2−ℓk−1B − bk,ωk,sk(t)B∣∣
)
dt
≤ C
2∏
k=1
ωk(B)
λk
2∏
k=1
‖fk‖B˙pk,λk
∞∑
ℓ1,ℓ2=0
∫
Sℓ1,ℓ2
2∏
k=1
|sk(t)|
(d+αk)λk×
×
2∏
k=1
(ℓk + 2) ‖bk‖CM˙Oqkωk
× ψ(t)dt
≤C
2∏
k=1
ωk(B)
λk
2∏
k=1
‖fk‖B˙pk,λk
2∏
k=1
‖bk‖CM˙Oqkωk
∫
[0,1]n
2∏
k=1
(
|sk(t)|
(d+αk)λk log
4
|sk(t)|
)
ψ(t)dt.
Now we give the estimate for I4. Similarly, we choose 1 < s < ∞ such that
1
s
= 1
q1
+ 1
q2
. Let
bi,j(x) :=
∣∣(bi(x)− bi,B) (bj,B − bj,ωj ,sj(t)B)∣∣ ,
then Minkowski’s inequality and Ho¨lders inequality imply that
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I4 =
∫
[0,1]n

 1
ω (B)
∫
B


(
2∏
k=1
|fk (sk(t)x)|
) ∑
i6=j
i,j=1,2
bi,j(x)




p
ω(x)dx


1/p
ψ(t)dt
≤
∫
[0,1]n
∑
i6=j
i,j=1,2

 1
ω (B)
∫
B
((
2∏
k=1
|fk (sk(t)x)|
)
· bi,j(x)
)p
ω(x)dx


1/p
ψ(t)dt
≤
∫
[0,1]n
2∏
k=1

 1
ωk(B)
∫
B
|fk (sk(t)x)|
pk ωk(x)dx


1/pk
×

 ∑
i6=j
i,j=1,2

 1
ωi (B)
∫
B
|bi(x)− bi,B|
s ωi(x)dx


1/s ∣∣bj,B − bj,ωj ,sj(t)B∣∣


≤C
2∏
k=1
ωk (B)
λk
∫
[0,1]n
2∏
k=1
|sk(t)|
(d+αk)λk
2∏
k=1

 1
ωk(B)1+λkpk
∫
sk(t)B
|fk (x)|
pk ωk(x)dx


1/pk
×

 ∑
i6=j
i,j=1,2

 1
ωi (B)
∫
B
|bi(x)− bi,B|
s ωi(x)dx


1/s ∣∣bj,B − bj,ωj ,sj(t)B∣∣

ψ(t)dt
≤C
2∏
k=1
ωk (B)
λk
2∏
k=1
‖fk‖B˙pk,λk
∫
[0,1]n
2∏
k=1
|sk(t)|
(d+αk)λkψ(t)
×

 ∑
i6=j
i,j=1,2

 1
ωi (B)
∫
B
|bi(x)− bi,B|
s ωi(x)dx


1/s ∣∣bj,B − bj,ωj ,sj(t)B∣∣

 dt
From the estimates of I1 and I3, we deduce that
I4 ≤C
2∏
k=1
ωk(B)
λk
2∏
k=1
‖fk‖B˙pk,λk
2∏
k=1
‖bk‖CM˙Oqkωk
×
∫
[0,1]n
2∏
k=1
|sk(t)|
(d+αk)λk
(
1 +
2∑
k=1
log
2
|sk(t)|
)
ψ(t)dt.
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It can be deduced from the estimates of I1, I2, I3, I4 that
I5 ≤C
2∏
k=1
ωk(B)
λk
2∏
k=1
‖fk‖B˙pk,λk
2∏
k=1
‖bk‖CM˙Oqkωk
∫
[0,1]n
2∏
k=1
|sk(t)|
(d+αk)λkψ(t)dt.
I6 ≤C
2∏
k=1
ωk(B)
λk
2∏
k=1
‖fk‖B˙pk,λk
2∏
k=1
‖bk‖CM˙Oqkωk
×
∫
[0,1]n
2∏
k=1
|sk(t)|
(d+αk)λk
(
1 +
2∑
k=1
log
2
|sk(t)|
)
ψ(t)dt.
Combining the estimates of I1, I2, I3, I4, I5 and I6 gives
 1
ω (B)
∫
B
∣∣∣U2,n,bψ,s (f1, f2) (x)∣∣∣p ω(x)dx


1/p
≤ Cω(B)λ
2∏
k=1
‖fk‖B˙pk,λk
2∏
k=1
‖bk‖CM˙Oqkωk
×
∫
[0,1]n
2∏
k=1
(
|sk(t)|
(d+αk)λk log
4
|sk(t)|
)
ψ(t)dt.
This proves (i).
Now we prove the necessity in (ii). Assume that U2,n,bψ,s is bounded from
B˙p1,λ1ω1 (R
d)× B˙pm,λmωm (R
d) to B˙p,λω (R
d). Firstly, we need the following lemmas.
Lemma 4.1. If ω ∈ Wα and has doubling property, then log |x| ∈ BMO(ω).
This lemma was proved in [7], for convenience of the reader, the proof to
the lemma is presented here.
Proof. To prove log |x| ∈ BMO(ω), for any x0 ∈ R
d and r > 0, we must find a
constant cx0,r, such that
1
ω(B(x0,r))
∫
|x−x0|≤r
|log |x| − cx0,r|ω(x)dx is uniformly
bounded. Since
1
ω (B(x0, r))
∫
|x−x0|≤r
|log |x| − cx0,r|ω(x)dx
=
rα+n
ω (B(x0, r))
∫
|z−r−1x0|≤1
|log |z|+ log r − cx0,r|ω(z)dz
=
1
ω (B(r−1x0, 1))
∫
|z−r−1x0|≤1
|log |z|+ log r − cx0,r|ω(z)dz,
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we may take cx0,r = cr−1x0,1− log r, and so things reduce to the case that r = 1
and x0 is arbitrary. Let
Ax0 =
1
ω (B(x0, 1))
∫
|z−x0|≤1
|log |z| − cx0,1|ω(z)dz.
If |x0| ≤ 2, we take cx0,1 = 0, and observe that
Ax0 ≤
1
ω (B(x0, 1))
∫
|z|≤3
log 3 · ω(z)dz = log 3 ·
ω (B(0, 3))
ω (B(x0, 1))
≤ log 3 ·
ω (B(x0, 6))
ω (B(x0, 1))
≤ C <∞,
where the last inequality comes from the assumption that ω has doubling
property.
If |x0| ≥ 2, take cx0,1 = log |x0|. In this case, notice that
Ax0 =
1
ω (B(x0, 1))
∫
B(x0,1)
∣∣∣∣log |z||x0|
∣∣∣∣ω(z)dz
≤
1
ω (B(x0, 1))
∫
B(x0,1)
max
{
log
|x0|+ 1
|x0|
, log
|x0|
|x0| − 1
}
· ω(z)dz
≤ max
{
log
|x0|+ 1
|x0|
, log
|x0|
|x0| − 1
}
≤ log 2.
Thus log |x| belongs to BMOω
(
Rd
)
. 
Lemma 4.2. Let ω ∈ Wα, where α > −d, 1 < p < ∞ and −
1
p
< λ. The the
function f0(x) = |x|
(d+α)λ belongs to B˙p,λω and
‖f‖B˙p,λω = (ωk(Sd))
−λk
(
1
(d+ α)(1 + λp)
)1/p
.
Since the proof of this lemma is straightforward we omit it. Now we set
b1(x) = b2(x) = log |x|. Lemma 4.1 gives b1, b2 belong to BMOω
(
Rd
)
. Since
BMOω
(
Rd
)
⊂ CM˙Oqω
(
Rd
)
for any 1 < q <∞, we obtain that bk ∈ CM˙O
qk
ωk
(
Rd
)
.
Define fk(x) = |x|
(d+αk)λk if x ∈ Rd \ {0} and fk(0) = 0. From lemma 4.2, we
get that
(4.4) ‖fk‖B˙pk,λkωk
= (ωk(Sd))
−λk
(
1
(d+ αk)(1 + λkpk)
)1/pk
.
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Also we have
U2,n,bψ,s (f1, f2) (x) =
2∏
k=1
|x|(d+αk)λk
∫
[0,1]n
2∏
k=1
(
|sk(t)|
(d+αk)λk log
1
|sk(t)|
)
dt.
Let B = B(0, R) be any ball of Rd, then
 1
ω(B)1+λp
∫
B
∣∣∣U2,n,bψ,s (f1, f2) (x)∣∣∣p ω(x)dx


1/p
≤

 1
ω(B)1+λp
∫
B
|x|(d+α)λp ω(x)dx


1/p

 ∫
[0,1]n
2∏
k=1
(
|sk(t)|
(d+αk)λk log
1
|sk(t)|
)
ψ(t)dt


= (ωk(Sd))
−λk
(
1
(d+ α)(1 + λp)
)1/p ∫
[0,1]n
2∏
k=1
(
|sk(t)|
(d+αk)λk log
1
|sk(t)|
)
ψ(t)dt


=
2∏
k=1
‖fk‖B˙pk,λkωk

 ∫
[0,1]n
2∏
k=1
(
|sk(t)|
(d+αk)λk log
1
|sk(t)|
)
ψ(t)dt

 .
Taking the supremum over R > 0, we get that∫
[0,1]n
2∏
k=1
(
|sk(t)|
(d+αk)λk log
1
|sk(t)|
)
ψ(t)dt <∞.

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